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Abstract
We consider minimising p-harmonic maps from three-dimensional domains to the real
projective plane, for 1 < p < 2. These maps arise as least-energy configurations in variational
models for nematic liquid crystals. We show that the singular set of such a map decomposes
into a 1-dimensional set, which can be physically interpreted as a non-orientable line defect,
and a locally finite set, i.e. a collection of point defects.
1 Introduction
Nematic liquid crystals are an important example of an intermediate state of matter between
liquids and crystalline solids. The constituent molecules — which, in many cases, have an
elongated, rod-like shape — can flow and their centers of mass are randomly distributed in space,
but the molecular axes tend to align locally to each other. In other words, the molecules do not
have positional order, but they have long-range orientational order. However, the orientational
order is broken by the so-called defects, which are regions of sharp contrast in the optical
properties of the material. Nematic liquid crystals in a three-dimensional sample typically
exhibit defects that are localised at isolated points or along lines.
From the point of view of continuum theories, the simplest way to describe a nematic liquid
crystal is to introduce a unit vector field, the molecular director n, which represents the average
orientation of the molecules at a given point. However, in view of the (statistical) head-to-tail
symmetry of the molecules, it is more accurate to consider unoriented line fields or “arrow-less
vectors fields” — i.e., maps from the physical domain to the real projective plane RP2, which
is obtained by identifying antipodal pairs of points in the unit sphere S2. In the liquid crystal
literature, RP2 is usually embedded in a space of matrices, i.e. RP2 is identified with the set of
matrices Q ∈ R3×3 that can be written in the form
(1) Q = n⊗ n− I3 for some n ∈ S
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Figure 1: Non-orientable line defects, in cross section. The lines are tangent to the preferred
orientation of the molecules, at each point. Left: a +1/2 disclination line; right: a −1/2
disclination line.
where (n ⊗ n)ij := ninj for i, j ∈ {1, 2, 3} and I is the (3 × 3)-identity matrix. A simple free
energy functional, in non-dimensional form, is
(2) I2(Q) :=
k
2
ˆ
Ω
|∇Q|2 ,
where Ω ⊆ R3 is the domain, k > 0 is a material-dependent parameter and |∇Q|2 := ∂k Qij∂kQij
is an elastic energy density that penalises spacial inhomogeneities (Einstein’s summation con-
vention is assumed). The corresponding space of finite-energy configurations is
(3) W 1,2(Ω, RP2) :=
{
Q ∈W 1,2(Ω, R3×3) : Q(x) ∈ RP2 for a.e. x ∈ Ω
}
.
While this simple model is effective in describing point defects [10], configurations that have a
line discontinuity cost an infinite energy, and therefore are excluded from the theory. Moreover,
if Ω is a simply connected, bounded, smooth domain then any map Q ∈ W 1,2(Ω,RP2) can be
oriented; that is, there exists a vector field n as regular as Q (i.e. n ∈W 1,2(Ω, S2)) such that the
representation (1) holds pointwise a.e. on Ω [6, 3]. This result usefully allows to reformulate the
problem in terms of unit vectors, instead of projective-valued maps; but, on the other hand, it
implies that non-orientable configurations (such as the “+1/2 or −1/2 disclination lines” which
are frequently observed in nematic liquid crystals, see Figure 1) are not admissible.
A possible remedy for this deficiency is to replace the sharp constraint that Q(x) ∈ RP2 for
a.e. x with a penalisation term in the free energy functional, i.e. to consider
(4) ILdG(Q) :=
ˆ
Ω
(1
2 |∇Q|
2 + 1
ε2
fLdG(Q)
)
where ε > 0 is a (possibly small) parameter and fLdG is a suitable potential that is minimised
on RP2. The functional (4) is known as the Landau-de Gennes model (in the so-called one-
constant approximation). It has received great attention from the mathematical community
in the last decade (see e.g. [33, 30, 20, 28, 29, 25, 16, 1] and the references therein). In the
limit ε → 0, which is referred to as the limit of small nematic correlation length, one recovers
the model (2), at least formally; rigorous statements can be found in [33, 23, 11, 12, 17].
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An alternative approach is to perturb the elastic energy density. While a quadratic elastic
energy density is a reasonable modellistic assumption for small or moderate values of |∇Q|, there
is no indication that the energy density should behave quadratically for large values of |∇Q|
and, indeed, functionals with sub-quadratic growth have been recently proposed as models for
nematic liquid crystals [2]. For illustration purposes, we consider here the functional
(5) Ip(Q) :=
1
p
ˆ
Ω
|∇Q|p for 1 < p < 2,
on the space W 1,p(Ω, RP2) which is defined analogously to (3). (Our results actually apply
to a larger class of target manifolds and energy densities, see Section 3.) Now configurations
with line discontinuities, even non-orientable ones, do belong to the admissible class. As in the
quadratic case, the model (5) can be obtained from a functional of the Landau-de Gennes type,
in the limit of small nematic correlation length [13].
Let us consider a minimiser Q0 of (5) on a bounded, smooth domain Ω ⊆ R3, subject to the
boundary condition
(6) Q = Qbd on ∂Ω (in the sense of traces),
where Qbd ∈ W 1−1/p,p(∂Ω, N ) is given. Thanks to [24, Theorem 6.2], in case 1 < p < 2 there
exist maps Q ∈W 1,p(Ω, RP2) that satisfy (6); the existence of a minimiser can then be proved
by standard methods. The regularity theory for minimising p-harmonic maps [24, 32] implies
that Q0 is locally of class C1,α out of the set
S(Q0) :=
{
x ∈ Ω: lim inf
ρ→0 ρ
p−3
ˆ
Bρ(x)
|∇Q0|p > 0
}
,
and moreover, S(Q0) is a relatively closed set of Hausdorff dimension at most 1. Our main result
provides additional information on the structure of the set S(Q0). We denote by dimH (E) the
Hausdorff dimension of a Borel subset E ⊆ R3.
Theorem 1. There exists a relatively closed set Σ ⊆ S(Q0) that satisfies the following properties:
(i) for any ball B that intersects Σ, there holds dimH (Σ ∩B) = 1;
(ii) for any ball B ⊂⊂ Ω \ Σ, the set S(Q0) ∩B is finite.
In other words, the singular set S(Q0) splits into a 1-dimensional part and a 0-dimensional
part, with the physical interpretation of being line defects and point defects, respectively. As
it will appear from the proof, the map Q0 has a non-orientable singularity at the set Σ. In
particular, minimisers of (5) cannot have orientable line singularities. This is consistent with
the “escape in the third dimension” proposed by Cladis and Kléman [15], which allows to de-
singularise an orientable line defect via local surgery. However, for non-minimising, stationary
points of (5) the situation is different, as they might have orientable line singularities as well as
non-orientable ones (see Remark 3.6).
The key point in the proof of Theorem 1 is to approximate Q0 with smooth, RP2-valued
maps. It is general impossible to do so globally, as smooth maps are not sequentially dense
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in W 1,p(Ω, RP2) when 1 < p < 2, not even weakly, and not even when Ω is a ball (see e.g.
[7, Theorem II] and [5, Theorem 3]). Density of smooth maps is prevented by topological
obstructions. However, to some extent it is possible to “localise” such topological obstructions;
that is, we can find a set Σ (whose dimension is bounded from below) such that, away from Σ,
Q0 can locally be approximated by smooth maps. This allows to define a local orientation forQ0
away from Σ and hence, to reformulate local the problem in terms of unit vectors. This “local
density” result (Theorem 2.1) is obtained in Section 2. Similar results can be deduced from an
earlier work by Pakzad and Rivière [35], but the statement we present here is more general and
based on a different construction [14].
The paper is organised as follows. Section 2 is devoted to the local approximability of
manifold-valued maps with smooth maps. The main result of the section, Theorem 2.1, applies
to a large class of target manifolds and to a wider range of Sobolev exponents p. We also discuss
its application to the lifting problem (Corollary 2.2). Section 3 contains the proof of Theorem 1.
Again, the analysis is carried out in a broader setting than the one previously discussed; the
main result of the section, Theorem 3.2, applies to target manifolds that are quotients of spheres
and slightly more general energy functionals.
2 Local approximability by smooth maps
Let m ≥ 2, k ≥ 2 be integers, and let N ⊆ Rm be a smoothly embedded manifold without
boundary. We make the following assumption on N and k:
(H) N is compact and (k − 2)-connected, that is pi0(N ) = pi1(N ) = . . . = pik−2(N ) = 0. In
case k = 2, we also assume that pi1(N ) is abelian.
For instance, this assumption is satisfied if N ' RP2 (the case we considered in Section 1)
and k = 2. Heuristically speaking, under the assumption (H) N -valued maps are not expected
to have topological singularities of codimension < k. In other words, N -valued maps may have
singularities of codimension < k, but it should be possible to remove these by local surgery. The
following result make this heuristic rigourous.
Theorem 2.1. Let N be a smooth manifold, and let k ≥ 2 be an integer. We assume that the
condition (H) is satisfied. Let Ω ⊆ Rd be a domain of dimension d ≥ k. Then, for any p ∈ [1, k)
and any map u ∈ W 1,p(Ω, N ), there exists a relatively closed set Σ ⊆ Ω that satisfies the
following properties:
(i) for any ball B ⊆ Ω such that Σ ∩B 6= ∅, there holds H d−k(Σ ∩B) > 0;
(ii) for any open ball B ⊂⊂ Ω \ Σ, u|B belongs to the strong W 1,p-closure of C∞(B, N ).
Condition (i) implies that any connected component Σ′ of Σ satisfies dimH Σ′ ≥ d − k. In
general, there is no non-trivial upper bound on the dimension of Σ and it may happen that Σ = Ω
(see Remark 2.3).
When the Sobolev exponent satisfies 1 ≤ p < k − 1, Theorem 2.1 follows immediatley from
Bethuel’s result [5] and the assumption (H); in this case, we always have Σ = ∅. Moreover, if p
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satisfies the additional assumption bpc ∈ {1, d− 1}, Theorem 2.1 follows from earlier results by
Pakzad and Rivière [35, Theorem II], combined with White’s deformation theorem [38]. We are
able to remove this technical restriction here because we appeal to the results in [14], which are
based on a different construction than Pakzad and Rivière’s one. However, the case k ≥ p is not
covered by Theorem 2.1, because the construction carried over in [14] breaks down in this case.
We also present an application of Theorem 2.1 to the lifting problem. Let pi : E → N be the
universal covering map of N . We endow E with a pull-back Riemannian metric, in such a way
that pi is a local isometry, and choose an isometric embedding of E into an Euclidean space R`.
(The manifold E need not be compact but it is smooth, and hence such an isometric embedding
exists by Nash theorem.) We say that v ∈ W 1,p(Ω, E ) is a lifting of u if u = pi ◦ v a.e. on Ω.
In case N ' RP2, we have E ' S2 and, identifying N with its embedding given by (1), the
map pi : S2 → RP2 can be written as
pi(n) := n⊗ n− I3 for any n ∈ S
2.
Therefore, orienting a projective-valued map u amounts to finding a lifting of u. The existence
of a (globally defined) lifting for maps u ∈W 1,p(Ω, N ) was studied by Bethuel and Chiron [6],
and by Ball and Zarnescu [3] in case N = RP2. The lifting problem in W s,p(Ω, S1) has been
extensively studied by Bourgain, Brezis, and Mironescu, see e.g. [8, 9]; the counterpart for
Besov spaces has been considered in [34]. In the setting of BV-spaces, we refer to [18, 26] for
the case N = S1, to [27] for the case N = RPq, and to [14] for compact manifolds with abelian
fundamental group.
Corollary 2.2. Let N ⊆ Rm be a compact, smooth, connected manifold with abelian pi1(N ).
Let Ω ⊆ Rd be a domain of dimension d ≥ k. Then, for any p ∈ [1, 2) and any map u ∈
W 1,p(Ω, N ), there exists a relatively closed set Σ ⊆ Ω that satisfies the following properties:
(i) for any ball B ⊆ Ω such that Σ ∩B 6= ∅, there holds H d−2(Σ ∩B) > 0;
(ii) for any open ball B ⊂⊂ Ω \ Σ, there exists a lifting v ∈W 1,p(B, E ) for u|B.
If p ≥ 2, the same result holds true with Σ = ∅ [6, 3].
The proof of Theorem 2.1 and Corollary 2.2 will be carried out in the setting of flat chains
with coefficients in a normed abelian group (G, | · |). We follow here the notation adopted in [14,
Section 2]. In particular, we will use additive notation for the group operation on G. We denote
by Fn(Rd; G) (resp., Fn(Ω; G)) the space of flat n-chains in Rd (resp., in the domain Ω ⊆ Rd)
with coefficients in the group G. The support of a flat chain is denoted by sptA. The restriction
of a flat chain A to a Borel set E ⊆ Rd will be denoted A E. The reader is referred to [22, 39]
for more details about flat chains.
Proof of Theorem 2.1. As noted above, the case p ∈ [1, k − 1) is an immediate consequence of
the results in [5], so we can assume w.l.o.g. that k − 1 ≤ p < k. We can also assume that Ω is
bounded and smooth (if not, we cover Ω with countably many bounded, smooth subdomains).
As a consequence of the assumption (H), the group pik−1(N ) is abelian, finitely generated and
can be endowed with a norm that satisfies
inf
g∈G\{0}
|g| > 0.
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(see e.g. [14, Section 2.2]).
In [14, Theorem 1], the authors constructed a continuous operator
(2.1) SPR : W 1,p(Ω, N )→ Fd−k(Ω; pik−1(N ))
with the property that, if Ω is a ball, then SPR(u) = 0 if and only if u is a strong W 1,p-limit
of smooth maps Ω→ N . Such an operator was previously constructed by Pakzad and Rivière
in case bpc ∈ {1, d − 1}. We define now Σ := sptSPR(u). If B is a ball such that B ∩ Σ 6= ∅
then, possibly by taking a smaller ball B′ ⊂⊂ B, the restriction SPR(u) B′ is well-defined
and SPR(u) B′ 6= 0 (the restriction S Br(x0) need not be well-defined for any r > 0 if S has
infinite mass, but it is still well-defined for a.e. r > 0; see e.g. [19, Theorem 5.2.3.(2)]). Then,
[38, Theorem 3.1] implies that H n(Σ ∩ B′) > 0, and property (i) follows. One other hand, for
any ball B such that if B ⊂⊂ Ω \ Σ is a ball, then SPR(u|B) is indeed the restriction of SPR(u)
to B (in a suitable sense; see [14, Corollary 3.3]) and hence SPR(u|B) = 0. Thus, (ii) is satisfied,
thanks to [14, Theorem 1].
Proof of Corollary 2.2. Let p ∈ [1, 2), u ∈ W 1,p(Ω, N ). Since we have assumed that N is
connected and pi1(N ) in abelian, we can apply Theorem 2.1 with the choice k = 2. Let Σ be the
set given by Theorem 2.1; we know that Σ satisfies (i). For a fixed ball B ⊂⊂ Ω\Σ, let (uj)j∈N be
a sequence of smooth maps B → N that converge to u strongly in W 1,p. Standard topological
results imply that each uj admits a smooth lifting vj : B → E . Moreover, the chain rule implies
|∇vj | = |∇uj | pointwise on B, because pi is a local isometry. Thus, up to subsequences, the vj ’s
converge W 1,p-weakly and a.e. to a limit v ∈W 1,p(B, N ), and v must be a lifting for u.
Remark 2.3. As remarked above, it may happen that Σ = Ω; this fact is exploited by Rivière [36]
to construct a weakly harmonic map that is discontinuous on a dense set. Consider, for instance,
the case Ω = B3 is the unit ball in R3, N is the unit sphere S2 ⊆ R3, k = 3 (the assumption (H)
is then statisfied, because S2 is simply connected) and p = 2. In this case, Σ can be identified
with the support of the distributional Jacobian, which is defined for any u ∈ (L∞∩W 1,2)(B3, R3)
as
(2.2) Ju = 13 div(u · ∂2u× ∂3u, u · ∂3u× ∂1u, u · ∂1u× ∂2u) in the sense of D
′(B3).
Indeed, u is a strong W 1,2-limit of smooth maps B3 → S2 if and only if Ju = 0 on B3 [4].
Let (Qj)j≥1 be an enumeration of the points of B3 with rational coordinates, and let Pj :=
Qj + (2−jpi, 0, . . . , 0). Let B′ be a slightly larger ball, that contains all the Pj ’s. By applying
[36, Lemma A2] repeatedly, we can construct a sequence of maps un ∈ H1(B′, S2) such that un
is smooth on B′ \ {Pj , Qj}nj=1, Ju = 4pi3
∑
i=1(δPj − δQj ) and
‖∇un −∇un−1‖2L2(B′) ≤ C |Pn −Qn| ≤ 2−npiC,
where C is an n-independent constant. In particular, the sequence (un)n∈N is Cauchy and
it converges W 1,2-strongly to a limit u ∈ W 1,2(B′, S2). Since the distributional Jacobian is
continuous with respect to the strong W 1,2-convergence (this is readily checked using (2.2)),
we have Ju = 4pi3
∑
j≥1(Pj − Qj) and, noting that Qi 6= Pj for any (i, j), we conclude that
Σ = spt Ju ⊇ B3.
6
3 Partial regularity of minimising φ-harmonic maps with values
in quotients of spheres
In this section, we give an application of Theorem 2.1 to the partial regularity of minimisers
for a manifold-constrained variational problem, as anticipated in the introduction. However, we
consider a slightly more general setting than the one presented in Section 1.
We consider the unit sphere Sq of dimension q ≥ 2. Let G be a finite, abelian group of
isometries acting on Sq. We assume that the action is free, that is, g(x) 6= x for any x ∈ Sq
and any transformation g in G other than the identity. Then, the quotient space N := Sq/G
can naturally be given the structure of a smooth Riemannian manifold, with fundamental group
pi1(N ) ' G and universal covering Sq, and the assumption (H) is satisfied for k = 2. By
applying Nash isometric embedding theorem, we identify N with a submanifold of a Euclidean
space Rm. If q = 2 and the group G consists of the identity and of the map x 7→ −x, we
have N = RP2 and so we recover the case presented in Section 1.
Remark 3.1. If q is even, then the only non-trivial group of isometries G that acts freely on Sq
is Z/2Z and correspondingly, N ' RPq. Indeed, G can be identified with a subgroup of
the orthogonal group O(q + 1), and the determinant defines a homomorphism G → {1, −1}.
If q is even, elements of SO(q + 1) have an eigenvalue 1, and because we have assumed that
G acts freely on Sq, we deduce that det(g) = −1 for any g ∈ G \ {IdSq}. Therefore, for
any g1, g2 ∈ G \ {IdSq} we have det(g1g2) = 1, hence g1g2 = IdSq . This implies that the
group G consists of two elements only. However, there are other finite, abelian groups of
isometries that act freely on Sq if q is odd: for example, the group generated by the isometry
(x1, x2, x3, x4, . . . , xq, xq+1) 7→ (−x2, x1, −x4, x3, . . . ,−xq+1, xq), which is cyclic of order four.
Let 1 < p < 2, and let φ : [0, +∞] → [0, +∞) be a function (the elastic modulus) that
satisfies the following assumptions:
(H1) φ ∈ C1[0, +∞) ∩ C2(0, +∞);
(H2) φ(0) = φ′(0) = 0 and φ′′(t) > 0 for any t > 0;
(H3) the function defined by ψ(t) := tφ′(t)− pφ(t), for t ≥ 0, is bounded.
An example of admissible φ is defined by
φ(t) := (t2 + b)p/2 − bp/2 for t ≥ 0,
where b ≥ 0 is a fixed parameter. (In the applications to liquid crystals modelling, one typically
requires φ(t) to behave quadratically for small t, but this assumption is not needed in the
following analysis.) As a consequence of (H1)–(H3), the function φ is strictly convex and strictly
increasing, and in fact, there exists a number α > 0 such that
(3.1) φ(t) = αtp + O(1), φ′(t) = αp tp−1 + O(t−1) as t→ +∞.
(The proof of this claim, which is based on calculus only, is postponed.)
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Now, let Ω ⊆ R3 be a bounded, smooth domain, and let ubd ∈ W 1−1/p,p(∂Ω,N ) be a
boundary datum. We consider the functional
(3.2) Iφ(u) :=
ˆ
Ω
φ(|∇u|),
to be minimised in the class
(3.3) A :=
{
u ∈W 1,p(Ω, N ) : u = ubd on ∂Ω (in the sense of traces)
}
.
The class A is non-empty due to [24, Theorem 6.2], and standard arguments imply the existence
of minimisers for Iφ in A .
Let u0 be a minimiser for Iφ in A , and let S(u0) ⊆ Ω be defined by
(3.4) S(u0) :=
{
x ∈ Ω: lim inf
ρ→0 ρ
p−3
ˆ
Bρ(x)
φ(|∇u0|) > 0
}
.
Under the assumptions (H1)–(H3), the set S(u0) is relatively closed in Ω, has Hausdorff dimen-
sion less than or equal to 1, and moreover u0 ∈ C1,αloc (Ω \ S(u0)) for some α ∈ (0, 1) (see, e.g.,
[24] in case φ(t) = tp, [31, 32], and [21, Proposition 5.4] for even more general energy densities
that do not behave asymptotically as a power). The main result of this section, which implies
Theorem 1, is the following:
Theorem 3.2. Suppose that the assumptions (H1)–(H3) hold. Then, there exists a relatively
closed set Σ ⊆ S(u0) such that
(i) for any ball B that intersects Σ, there holds dimH (Σ ∩B) = 1;
(ii) for any ball B ⊂⊂ Ω \ Σ, the set S(u0) ∩B is finite.
We now present the proof of Theorem 3.2. For the sake of completeness, we first give a proof
of (3.1).
Proof of (3.1). Set M := supt≥0 |tφ′(t)− pφ(t)|; M is finite by assumption (H3). We have∣∣∣∣ ddt
(
φ(t)
tp
)∣∣∣∣ ≤ Mtp+1 for any t > 0
and hence, by integrating,
(3.5) φ(s)
sp
− M
psp
≤ φ(t)
tp
≤ φ(s)
sp
+ M
psp
for any t ≥ s > 0.
Therefore, the function t 7→ t−pφ(t) is bounded on [1, +∞), and there must be a subse-
quence tk ↗ +∞ such that t−pk φ(tk) converges to a finite limit α ≥ 0. Taking t = tk in (3.5), and
passing to the limit as k → +∞, we deduce that s−pφ(s) = α+ O(s−p), i.e. φ(s) = αsp + O(1),
as s → +∞. Note that α cannot be zero, because φ is strictly increasing and strictly convex,
hence φ(t)→ +∞ as t→ +∞. Finally, using (H3) again, we obtain
φ′(t)− αp tp−1 = 1
t
(
tφ′(t)− pφ(t))+ p
t
(φ(t)− αtp) = O(t−1) as t→ +∞.
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The prove Theorem 3.2, we apply Corollary 2.2 so to reduce, locally out of an exceptional
set, to a Sq-valued problem instead of an N -valued one. We will then invoke the following
property of minimising φ-harmonic maps with values in the sphere Sq.
Proposition 3.3. Let B ⊆ R3 be an open ball, let q ≥ 2 be an integer, let 1 < p < 2, and let
vbd ∈W 1−1/p,p(∂B, Sq). Let v0 be a minimiser of the functional (3.2) in the class
B :=
{
v ∈W 1,p(B, Sq) : v = vbd on ∂B
}
,
and let S(v0) ⊆ B be defined as in (3.4). Then, S(v0) is a locally finite set and v0 ∈ C1,αloc (Ω \
S(v0)) for some α ∈ (0, 1).
In turns, the proof of Proposition 3.3 is based on “dimension reduction” argument, and uses
the following lemma (whose proof may be found, e.g., in [13, Lemma 16]).
Lemma 3.4. Let B2 ⊆ R2 be the open, unit ball, let q ≥ 2 be an integer, let 1 < p < 2. If a
map w0 ∈W 1,p(B2, Sq) is 0-homogenous (i.e. w0(x) = w0(x/|x|) for a.e. x) and satisfies
ˆ
B2
|∇w0|p ≤
ˆ
B2
|∇w|p for any w ∈W 1,p(B2, Sq) such that w = w0 on ∂B2,
then w0 is constant.
Remark 3.5. Theorem 3.2 can be generalised, with the same proof, to compact target man-
ifolds N with finite and abelian fundamental group pi1(N ), provided that the analogue of
Lemma 3.4 holds for maps w0 with values in the universal covering space E of N .
Remark 3.6. Lemma 3.4 fails for non-minimising critical points of (3.2). Consider, for instance,
the map v : B2 → S2 given by v(x) := (x1/ |x| , x2/ |x| , 0) for x = (x1, x2) ∈ B2. A computation
shows that v belongs to W 1,p(B2, S2) and is a stationary p-harmonic map, i.e. it satisfies the
conditions
−∂j
(
|∇v|p−2 ∂jv
)
= |∇v|p v on B
−∂j
(
∂jv · ∂kv − 1
p
|∇v|p δjk
)
= 0 on B for any k ∈ {1, 2},
corresponding to criticality for (3.2) with respect to outer and inner variations respectively, in
case φ(t) = tp/p. (Einstein’s summation convention is assumed.) Moreover, if the denote by pi
the universal covering map S2 → RP2, then the map pi◦v is a RP2-valued stationary p-harmonic
map (because pi is a local isometry), and pi ◦ v has an orientable singularity of codimension two
at the origin.
Proof of Proposition 3.3. The proof of this result follows by classical arguments, e.g. the ones
in [37, Theorem IV] (for φ(t) = t2) or [24, Theorem 4.5] (in case φ(t) = tp). We only sketch here
the main steps in the proof and indicate how the arguments need be to adapted.
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The minimiser v0 satisfies an almost-monotonicity identity: namely, for any ball BR(x0) ⊂
⊂ B and any 0 < r < R, there holds
Rp−3
ˆ
BR(x0)
φ(|∇v0|)− rp−3
ˆ
Br(x0)
φ(|∇v0|) +
ˆ R
r
ξp−4
(ˆ
Bξ(x0)
ψ(|∇v0|)
)
dξ
=
ˆ
BR(x0)\Br(x0)
|x− x0|p−3 φ
′(|∇v0|)
|∇v0| |∂νv0|
2 dx ≥ 0
(3.6)
where ν := (x−x0)/|x−x0| and ψ is defined in (H3). Since ψ is bounded by assumption, the last
term in the left-hand side is bounded by Rp−rp. As usual, this identity is proved by considering
the comparison maps vt := v0 ◦ϕt, where (ϕt)t∈R is the flow of a suitable radial vector field; see
e.g. [13, Lemma 5] for more details.
Now, let x0 ∈ B be fixed, and let vρ : B1 → S2 be defined by vρ(x) := v0(x+ ρx) for x ∈ B1
and 0 < ρ < dist(x0, ∂B). Using (3.1), we see that
ρp−3
ˆ
Bρ(x0)
φ(|∇v0|) = ρp
ˆ
B1
φ
( |∇vρ|
ρ
)
= α
ˆ
B1
|∇vρ|p + O(ρp) as ρ→ 0,
and the left-hand side stays bounded as ρ → 0, due to (3.6). Thus, we can extract a subse-
quence ρj ↘ 0 such that vρj converges W 1,p-weakly to a map v∗ ∈ W 1,p(B1, Sq). Arguing as
in [32, Theorem a] we deduce that, for any λ ∈ (0, 1), v∗|Bλ is minimising p-harmonic (subject
to its own boundary conditions) and the convergence vρj → v∗ is actually strong in W 1,ploc (Bλ).
We take 0 < s ≤ t < 1 and apply the monotonicity formula (3.6), with the choice R = tρj ,
r = sρj . By changing variable in the integrals, we obtain
ρp−1j
ˆ
Bt\Bs
|x|p−3 φ′
( |∇vρj |
ρj
) |∂νvρj |2
|∇vρj |
dx− ρpj
ˆ t
s
ξp−4
(ˆ
Bξ
ψ
( |∇vρj |
ρj
))
dξ
= tp−3ρpj
ˆ
Bt
φ
( |∇vρj |
ρj
)
− sp−3ρpj
ˆ
Bs
φ
( |∇vρj |
ρj
)
Thanks to the strong convergence vρj → v∗ inW 1,ploc (Bλ), we have |∇vρj |/ρj → +∞ a.e. (possibly
up to a subsequence). Then, by applying (3.1) and (H3), we deduce that
p
ˆ
Bt\Bs
|x|p−d |∇vρj |p−2|∂νvρj |2 dx = tp−d
ˆ
Bt
|∇vρj |p − sp−d
ˆ
Bs
|∇vρj |p + O(ρpj )
and, passing to the limit as j → +∞, we conclude that ∂νv∗ = 0 a.e., that is, v∗ is homogeneous
of degree 0. At this point, we in position to conclude the proof by repeating the arguments
in [37, Theorem IV], with the help of Lemma 3.4.
Proof of Theorem 3.2. We apply Corollary 2.2 to u0 and find a corresponding set Σ ⊆ Ω. We
can suppose w.l.o.g that Σ ⊆ S(u0) (because u0 is continuous on Ω \ S(u0) and, in particular,
u0 can be lifted locally away from S(u0)). By Corollary 2.2 we know that dimH (Σ ∩ B) ≥ 1
for any ball B that intersects Σ, while dimH S(u0) ≤ 1 by [24, 32]. Therefore, we conclude that
dimH (Σ ∩B) = 1 for any ball B that intersects Σ.
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Now, let B ⊂⊂ Ω\Σ be an open ball. By Corollary 2.2, there exists a map v0 ∈W 1,p(B, Sq)
such that u0 = pi ◦ v0 a.e. on B, where pi : Sq → N is the universal covering map. Since pi is
a local isometry (and hence |∇v0| = |∇u0| a.e.), we deduce that v0 is φ-minimising harmonic
in B subject to its own boundary condition, so S(v0) is locally finite by Proposition 3.3. On
the other hand, v0 is locally of class C1,α out of S(v0), so we must have S(u0) ∩B ⊆ S(v0) and
hence, S(u0) ∩B is locally finite.
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